N
2 X; %4 U
i=1 ( oP )
P RT 31 /1
(15)

This can be iterated by assuming the vapor phase to be a
2 X; 23
i

P
which is identical to Equation (10) with the last term
neglected.

x =y — y1(1 —y1)

1
perfect gas on the first trial. In this event, =3

NOTATION
fugacity

number of moles

number of components in a solution
total pressure

= partial pressure

= partial molar volume

= molar volume

= liquid-phase mole fraction
= gas-phase mole fraction

= compressibility factor

= fugacity coefficient, f/p

I |

Suw r e Qe I

Subscripts
i == any component or all components

i = all components but one
k = any component

l = liquid phase

T  =total

1 = component 1

Superscripts

0 = pure component
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RN S

Friction Factors and Pressure Drops for

Sinusoidal Laminar Flow in an Annulus

SHENG HSIUNG LIN

Chung Yuan College of Science and Engineering, Chung-Li, Twiwan, Republic of China

Hershey and Song (I) examined the friction factors
and pressure drops for sinusoidal flow of water and blood
in rigid tubes. As pointed out in their paper, the pulsatile
fiow phenomenon is of great importance in many engi-
neering applications, such as in pumping systems and
heat and mass transfer operations. This analysis is con-
cerned with the same problem in an annulus. The prob-
lem is first solved for the generalized case, where the
initial velocity distribution is an arbitrary function of
radial coordinate and the pressure gradient an arbitrary
time-dependent quantity. The governing momentum
equation is solved by double transformation technique.
The solution agrees with that of special case (2).

The Navier-Stokes equation reduces, under the pres-
ent assumptions, to

au=_§5.@_(t)+.}._a_(rﬁi) (1)

ot p 4z r Br ar

and the appropriate boundary conditions are
u(r,0) = U(r) (2)
u(Ry, t) =0 (3)
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u(Rs, t) =0 (4)

To solve Equation (1) subject to conditions (2) to (4),
we first use the finite Hankel transformation (3) with
respect to r, defined by

- Ry
u(é,t) = le ru(r, t) Zo(&r)dr (5)
where

Zo(&r) = Jo(ér)Yo(€iRe) — Jo(&Re)Yo(€r)  (8B)
and the eigenvalues ¢; are the positive roots of
Jo(€R1)Yo(£R2) — Jo(£R2)Yo(£Ry) =0 (7)

Then, the Laplace transformation with respect to ¢ is
defined by

:‘:(fi, ) = f: ;(&, t)e—stdt (8)

Equation (1) with the conditions (2) to (4) is trans-
formed, with certain arrangement, to

- U(&) 1 dp
Wl s) = ey T St e e )

July, 1970



2 Jo(éR1) — Jo(&Ra)

By the definition of the average velocity, we have

(9)
LI Jo(&iR1) 27
where f f u(r, t)rdrdt
— Ry = 16
0(6) = J . U Zo(tr)dr (10) (R ) (16)
Substitution of Equation (15) into (16) yields
By inverting the foregoing transformed Equation (9) and .
b)}: using the convolution integral, the solution takes the f= w[(Rs® — B’) (R — Ry) ]
form 20
% 1
(R —R:?) [, . - = [ ( ® 1 ) ( 1 — e 287\ Jo(£&B1) — Jo(&iRe) ]
—_— -2
8 Rt Rt ——2 N ( ) =21 I S I &t Jo(€iR1) + Jo(£R2)

o« E2IR(ER1) Zo((&i1)
u(r, t) = —
2 ]Oz(flRl) - ]02({:132)

Ry "8 ~ Jo(&R1)Zo(ér)
U(r)Zo(£x)dr —-
J“‘1 U r) 2ol dr p i=21 Jo(&R1) + Jo(&iR2)

i PR
fo E(T) e~ vEiAt-1) .

Consider the pulsatile flow where the fluid is initially
kept at rest and starts to move by applying a sinusoidal
pressure, Followmg Hershey and Song, the down stream
pressure is represented by a modified Fanning equation:

p= (Po fV2z

where po(l + sinwt) is the upstream pressure applied.
Hence we have

(11)

) (1 + sin ot) (12)

()_pr

(1 + sin t) (13)

This relation gives the friction factor as a function of the
frequency o.

A special case of practical interest is the nonsinusoidal
flow. Setting @ = 0 and combining Equations (15) and
(13), we get

u(r,t)=(_§£if£_) { \:RZ 12

gy

or Jo(&iRy) Zo(&ir) e 74

—7 (18)
i=7 é2[Jo(&Ry) + Jo(£iR2) ]

This solution agrees with that earlier obtained by Miiller

(2).

NOTATION

f

Fanning friction factor

g = Newton’s law conversion factor
By inserting Equatlon (13) and U(r) = 0and by noting Jo = Bessel function of the first kind of zero order
that by Fourier-Bessel expansion we get p = pressure
. Q@ = volumetric flow rate
. 2 Jo(&Ry) Zo(£7) 1 r = radial position
~ R = Ry = outer radius of inner cylinder
=1 &FlIo(6iRy) + 10(&82,)] Ry, = inmer radius of outer cylinder
R — Rg? r R, = hydraulic radius
-+ —————TJn{ — (14) t = time
Ln ( R ) Ry u = velocity
Ro U = initial velocity
. V = average velocity
Equation (11) reduces to Yo = Bessel function of the second kind of zero order
oV z = axial position
u(r,t) = — Zy = combination of Bessel function, as defined by
nBp Equation (6)
1 Rs2 — R,? r Greek Letters
y Rp* — 2 + R, Ln(;{-z-) p = viscosity of fluid
Ln (—- ) v = kinematic viscosity of fluid
R, 3 = eigenvalues
w p = density of fluid
b Jo(&R1) Zo(&rr) o = frequency
it €2 Jo(&Ry1) + Jo(£iRs)
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